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Abstract
We call a nonempty subset A of a topological spaceX finitely non-Urysohn if for every nonempty finite
subset F of A and every family {Ux : x ∈ F} of open neighborhoods Ux of x ∈ F , ∩{cl(Ux) : x ∈ F} 6= ∅
and we define the non-Urysohn number of X as follows: nu(X) := 1 + sup{|A| : A is a finitely non-
Urysohn subset of X}.
Then for any topological space X and any subset A of X we prove the following inequalities: (1)
|clθ(A)| ≤ |A|
κ(X) · nu(X), (2) |[A]θ | ≤ (|A| · nu(X))
κ(X), (3) |X| ≤ nu(X)κ(X)sLθ(X), and (4) |X| ≤
nu(X)κ(X)aL(X).
In 1979, A. V. Arhangel′ski˘ı asked if the inequality |X| ≤ 2χ(X)wLc(X) was true for every Hausdorff space
X. It follows from the third inequality that the answer of this question is in the affirmative for all spaces
with nu(X) not greater than the cardinality of the continuum.
We also give a simple example of a Hausdorff space X such that |clθ(A)| > |A|
χ(X)
U(X) and |clθ(A)| >
(|A| · U(X))χ(X), where U(X) is the Urysohn number of X, recently introduced by Bonanzinga, Cam-
maroto and Matveev. This example shows that in (1) and (2) above, nu(X) cannot be replaced by
U(X) and answers some questions posed by Bella and Cammaroto (1988), Bonanzinga, Cammaroto and
Matveev (2011), and Bonanzinga and Pansera (2012).
1 Introduction
Let X be a topological space and for x ∈ X let Nx denote the family of all open neighborhoods of x in X .
For a nonempty subset A of X we denote by UA the set of all families U = {Ua : a ∈ A,Ua ∈ Na} and by
CA the set of all families C = {Ua : a ∈ A,Ua ∈ Na}.
The θ-closure of a set A in a space X is the set clθ(A) = {x ∈ X : for every U ∈ Nx, U ∩ A 6= ∅}. A is
called θ-closed if A = clθ(A) and A is θ-dense if clθ(A) = X (see [14]). The smallest θ-closed set containing
A, i.e. the intersection of all θ-closed sets containing A, is denoted by [A]θ and is called the θ-closed hull of
A [5]. The θ-density of a space X is dθ(X) := min{|A| : A ⊂ X, clθ(A) = X}.
Recall that a space X is called Urysohn if every two distinct points in X have disjoint closed neighbor-
hoods.
Definition 1.1 ([2]). For a topological space X, κ(X) is the smallest cardinal number κ such that for each
point x ∈ X, there is a collection Vx of closed neighborhoods of x such that |Vx| ≤ κ and if W ∈ Nx then W
contains a member of Vx.
Remark 1.2. In [2], κ(X) is defined only for Hausdorff spaces but clearly κ(X) is well-defined for every
topological space X. Also, an example of a Urysohn space X is constructed in [2] such that κ(X) < χ(X),
where χ(X) is the character of the space X.
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Definition 1.3 ([7]). The Urysohn number of a topological space X, denoted by U(X), is the smallest
cardinal κ such that for every A ⊂ X with |A| ≥ κ, there exists a family C ∈ CA such that ∩C = ∅.
Spaces X with U(X) = n for some integer n ≥ 2 appeared first in [6] and [8] under the name n-Urysohn
and were studied further in [9]. In [11] such spaces were called finitely-Urysohn.
Clearly, U(X) ≥ 2 and U(X) ≤ |X |+ for every topological space X . If X is Hausdorff then U(X) ≤ |X |
and X is Urysohn if and only if U(X) = 2 [7].
2 On some questions related to the cardinality of the θ-closed hull
It was shown in [5, Theorem 1] that for every Urysohn space X , |[A]θ| ≤ |A|χ(X) and the authors asked if
that inequality holds true for every Hausdorff space (see [5, Question]). In [7] the authors extended that
result to all spaces with finite Urysohn number.
Theorem 2.1 ([7, Proposition 4]). For a set A in a space X, if U(X) is finite then |[A]θ| ≤ |A|
χ(X).
Since the proof given in [7] does not apply for spaces with infinite Urysohn numbers the authors naturally
asked the following question.
Question 2.2 ([7, Question 5]). Is it true that for a set A in a (assume Hausdorff if necessary) space X,
|[A]θ| ≤ |A|χ(X)U(X)?
In [9] the authors improved the inequality in Theorem 2.1 as follows and asked if even a stronger inequality
than the one in Question 2.2 holds true.
Theorem 2.3 ([9, Proposition 7]). For a set A in a space X, if U(X) is finite then |[A]θ| ≤ |A|κ(X).
Question 2.4 ([9, Question 9]). Is it true that for a set A in a (Hausdorff) space X, |[A]θ| ≤ |A|
κ(X)U(X)?
The following example shows that the answer of Question 2.2 (and therefore of the other two questions) is
in the negative even for Hausdorff spaces with Urysohn numbers U(X) = ω. Even more, our example shows
that for Hausdorff spaces it is even possible that |clθ(A)| > |A|χ(X)U(X) and |[A]θ| > (|A| ·U(X))χ(X). (For
a different example see [10, Example 3]).
Example 2.5. Let N denote the set of all positive integers, for m ∈ N let Nm := {n : n ∈ N, n ≥ m}, R
be the set of all real numbers, and c = |R|. Let also S := {1/n : n ∈ N} ∪ {0} and N × S be the subspace
of R × R with the inherited topology from R× R. Let α be an initial ordinal and {Bβ : β < α} be a family
of α many pairwise disjoint copies of N× S. We will refer to the points in Bβ as (n, r)β , where n ∈ N and
r ∈ S. For each ordinal number β < α, let Mβ := Bβ ∪ {β} be the topological space with a topology such
that {β} is closed in Mβ, all points in Bβ have the topology inherited from R × R and the point β has as
basic neighborhoods all sets of the form {β} ∪ {Nm × (S \ {0})}β, m ∈ N. Now, let X be the topological
space obtained from the disjoint union of all spaces Mβ, β < α after identifying for each n ∈ N all points
of the form (n, 0)β, β < α. We will denote those points by (n, 0). Then it is not difficult to verify that X
is a Hausdorff space (but not Urysohn) with Urysohn number U(X) = ω, χ(X) = κ(X) = ω, and if A is
the subset {(n, 0) : n ∈ N} of X then |clθ(A)| = |[A]θ| = α and |A|χ(X)U(X) = |A|κ(X)U(X) = ωω · ω = c.
Therefore if α > c then we have |clθ(A)| > |A|χ(X)U(X) and |clθ(A)| > (|A| · U(X))χ(X).
3 Spaces with finite versus spaces with infinite Urysohn numbers
We begin with the following lemma.
Lemma 3.1. Let A be a nonempty subset of a topological space X such that ∩C 6= ∅ for every C ∈ CA. Then
A ⊂ ∩{clθ(∩C) : C ∈ CA}.
Proof. Let C0 ∈ CA and let G = ∩C0 6= ∅. Suppose that there exists a0 ∈ A such that a0 /∈ clθ(G). Then
there is Wa0 ∈ Na0 such that W a0 ∩ G = ∅. Let V a0 := Ua0 ∩W a0 , where Ua0 ∈ C0 and Ua0 ∈ Na0 . Then
the family C1 := {V a0} ∪ {Ua : Ua ∈ C0, a ∈ A \ {a0}} has the property that ∩C1 = ∅, a contradiction.
Therefore A ⊂ clθ(∩C) for every C ∈ CA, hence A ⊂ ∩{clθ(∩C) : C ∈ CA}.
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Theorem 3.2. Let X be a topological space and 1 < n < ω. Then U(X) = n if and only if there exists a
set A ⊂ X with |A| = n− 1 such that A = ∩{clθ(∩C) : C ∈ CA} and ∩{clθ(∩C) : C ∈ CB} = ∅ for every set
B with |B| ≥ n.
Proof. Suppose first that there exists a subset A ofX with |A| = n−1 ≥ 1, such that A = ∩{clθ(∩C) : C ∈ CA}
and ∩{clθ(∩C) : C ∈ CB} = ∅ for every set B with |B| ≥ n. Then A ⊂ clθ(∩C) for every C ∈ CA. Hence
∩C 6= ∅ for every C ∈ CA and therefore U(X) > |A| = n−1. Thus U(X) ≥ n. Suppose that U(X) > n. Then
there exists a set B ⊂ X with |B| = n such that ∩C 6= ∅ for every C ∈ CB. Then it follows from Lemma 3.1
that B ⊂ ∩{clθ(∩C) : C ∈ CB} = ∅, a contradiction. Therefore U(X) = n.
Now let U(X) = n > 1. Then for every set B ⊂ X such that |B| = n there exists C ∈ CB such that
∩C = ∅ and therefore ∩{clθ(∩C) : C ∈ CB} = ∅. Also, there exists a set A with |A| = n − 1 such that for
every C ∈ CA we have ∩C 6= ∅. Then it follows from Lemma 3.1 that A ⊂ ∩{clθ(∩C) : C ∈ CA}. To show
that A = ∩{clθ(∩C) : C ∈ CA}, suppose that there is x ∈ ∩{clθ(∩C) : C ∈ CA} \ A. Therefore U ∩ (∩C) 6= ∅
for every U ∈ Nx and every C ∈ CA. Then for the set B := A ∪ {x} we have that if C′ ∈ CB then ∩C′ 6= ∅.
Thus U(X) > |B| = n, a contradiction.
Remark 3.3. Consider the sets A := {(n, 0) : n < ω} ⊂ X and α ⊂ X in Example 2.5 and let Bf and
Bi be a nonempty finite subset and an infinite subset of α, respectively. If C ∈ CBf then ∩C ⊂ A and
Bf ( ∩{clθ(∩C) : C ∈ CBf } = clθ(A) = α, while there is C ∈ CBi such that ∩C = ∅, hence ∩{clθ(∩C) : C ∈
CBi} = ∅. Therefore the space X in Example 2.5 shows that Theorem 3.2 is not always valid when U(X) is
infinite even for Hausdorff spaces X, or in other words, the subsets in spaces with finite and infinite Urysohn
numbers that determine the Urysohn number have different properties. Therefore we should not be surprised
that theorems which are valid for spaces with finite Urysohn numbers are not necessarily valid for spaces with
infinite Urysohn numbers (see Section 2).
The following two observations are valid for topological spaces with finite or infinite Urysohn numbers.
Lemma 3.4. Let X be a topological space and A be a nonempty subset of X. If ∩C 6= ∅ for every C ∈ CF
and every finite nonempty subset F of A then A ⊂ ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ A, |F | < ω}.
Proof. Let F be a nonempty subset of A, C0 ∈ CF and G = ∩C0. Suppose that there exist a0 ∈ A such
that a0 /∈ clθ(G). Then there is Wa0 ∈ Na0 such that W a0 ∩ G = ∅. Let V a0 := W a0 if a0 /∈ F and
V a0 := Ua0 ∩Wa0 if a0 ∈ F , where Ua0 ∈ C0 and Ua0 ∈ Na0 . Then the family C1 := {V a0} ∪ {Ua : Ua ∈
C0, a ∈ F \ {a0}} has the property that ∩C1 = ∅, a contradiction. Therefore A ⊂ clθ(∩C) for every C ∈ CF
and every nonempty finite subset F of A, hence A ⊂ ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ A, |F | < ω}.
Theorem 3.5. Let X be a topological space and A be a nonempty subset of X. If ∩C 6= ∅ for every
C ∈ CF and every nonempty finite subset F of A then there exists a subset M of X such that A ⊂ M and
M = ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂M, |F | < ω}.
Proof. Let α be an initial ordinal such that α = |X |+ and let A satisfies the hypotheses of our claim.
Then it follows from Lemma 3.4 that A ⊂ ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ A, |F | < ω}. Suppose that
there is x0 ∈ ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ A, |F | < ω} \ A. Then U ∩ (∩C) 6= ∅ for every U ∈ Nx0 ,
every C ∈ CF and every nonempty finite subset F of A. Then for the set A1 := A ∪ {x0} we have that
if F is a nonempty finite subset of A1 and C ∈ CF then ∩C 6= ∅. Therefore, according to Lemma 3.4,
A1 ⊂ ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ A1, |F | < ω}. We continue this process for every β < α as follows.
If β = γ + 1 for some γ < α and Aγ ( ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ Aγ , |F | < ω} then we choose
xγ ∈ ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ Aγ , |F | < ω} \ Aγ and define Aβ := Aγ ∪ {xγ}. If β is a limit
ordinal then Aβ := ∪{Aγ : γ < β}. In that case it is clear that ∩C 6= ∅ for every C ∈ CF and every
nonempty finite subset F of Aβ since every such F is a subset of Aγ for some γ < β. Therefore, according
to Lemma 3.4, we have Aβ ⊂ ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ Aβ , |F | < ω}. If for some β < α we have
Aβ = ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ Aβ , |F | < ω} then we stop and take M to be Aβ . This process will
eventually stop since for each γ < β < α we have Aγ ( Aβ ⊆ X and α > |X |.
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4 The non-Urysohn number of a space
Motivated by the observations in the previous section we give the following definition.
Definition 4.1. A nonempty subset A of a topological space X is called finitely non-Urysohn if for every
nonempty finite subset F of A and every C ∈ CF , ∩C 6= ∅. A is called maximal finitely non-Urysohn subset
of X if A is a finitely non-Urysohn subset of X and if B is a finitely non-Urysohn subset of X such that
A ⊂ B then A = B.
Remark 4.2. (a) Using Lemma 3.4 and Definition 4.1 one can easily verify that a nonempty subset M of a
topological space is maximal finitely non-Urysohn if and only if M = ∩{clθ(∩C) : C ∈ CF , ∅ 6= F ⊂ M, |F | <
ω}.
(b) It follows from Theorem 3.5 and Remark 4.2(a) that every finitely non-Urysohn subset of a topological
space is contained in a maximal one.
(c) Using disjoint union of spaces as those constructed in Example 2.5 one can construct a Hausdorff
topological space with (disjoint) maximal finitely non-Urysohn subsets with different cardinality.
(d) In a Urysohn space X the only (maximal) finitely non-Urysohn subsets of X are the singletons.
Now we are ready to introduce the concept of a non-Urysohn number of a topological space X .
Definition 4.3. Let X be a topological space. We define the non-Urysohn number nu(X) of X as follows:
nu(X) := 1 + sup{|M | :M is a (maximal) finitely non-Urysohn subset of X}.
Remark 4.4. It follows from Theorem 3.2 and Definition 4.3 that if X is a topological space with a finite
Urysohn number then nu(X) = U(X). Also, nu(X) ≥ 2 and nu(X) ≥ U(X) for every topological space X.
For the space X in Example 2.5, nu(X) = α for every α while U(X) = α only if α < ω and U(X) = ω if
α ≥ ω. Therefore there are even Hausdorff spaces X for which nu(X) > U(X).
5 On the cardinality of the θ-closed hull
In Theorem 5.2, using the cardinal invariant non-Urysohn number of a space, we give an upper bound for
|clθ(A)| and |[A]θ| of a subset A in a topological space X . That theorem generalizes simultaneously all the
results included in Theorem 5.1. The proof of Theorem 5.2 follows proofs given in [5], [2], [8], [7] or [9].
Theorem 5.1. Let X be a space and A ⊂ X.
(a) If X is Urysohn then |[A]θ| ≤ |A|χ(X) [5];
(b) If X is Urysohn then |clθ(A)| ≤ |A|κ(X) [2];
(c) If U(X) is finite then |[A]θ| ≤ |A|χ(X) [8], [7];
(d) If U(X) is finite then |[A]θ| ≤ |A|κ(X) [9].
Theorem 5.2. Let A be a subset of a topological space X. Then |clθ(A)| ≤ |A|κ(X) · nu(X) and |[A]θ| ≤
(|A| · nu(X))κ(X).
Proof. Let κ(X) = m, nu(X) = u, and |A| = τ . For each x ∈ X let Vx be a collection of closed neighborhoods
of x with |Vx| ≤ m and such that if W is a closed neighborhood of x then W contains a member of Vx. For
every x ∈ clθ(A) and every V ∈ Vx, fix a point ax,V ∈ V ∩ A, and let Ax := {ax,V : V ∈ Vx}. Let also
Γx := {V ∩Ax : V ∈ Vx}. Then Γx is a centered family (the intersection of any finitely many elements of Γx
is nonempty). It is not difficult to see that there are at most τm such centered families. Indeed Ax ∈ [A]≤m
and V ∩ Ax ∈ [A]≤m, for every V ∈ Vx. Since each centered family Γx is a subset of [A]≤m and |Γx| ≤ m,
the cardinality of the set of all such families is at most (|A|m)m = |A|m = τm.
We claim that the mapping x → Γx is (≤ u)-to-one. Assume the contrary. Then there is a subset
K ⊂ clθ(A) such that |K| = u+ and every x ∈ K corresponds to the same centered family Γ. Since
nu(X) = u, there exists a nonempty finite subset F of K and C ∈ CF such that ∩C = ∅. Then for every
x ∈ F and Ux ∈ C we have Ux ∩ Ax ∈ Γ; hence Γ is not centered, a contradiction.
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Therefore the mapping x→ Γx from clθ(A) to [[A]≤m]≤m is (≤ u)-to-one, and thus
|clθ(A)| ≤ u · (τ
m)m = u · τm (1)
(Note that the proof that the mapping x→ Γx is (≤ u)-to-one does not depend upon the cardinality of the
set A.)
It is not difficult to see (e.g., as in the proof of Theorem 1 in [5]) that if we set A0 = A and Aα =
clθ(
⋃
β<αAβ) for all 0 < α ≤ m
+, then [A]θ = Am+ . Let κ = u · τ . It follows from (1) that |A2| ≤
u · (u · τm)m = um · τm = (u · τ)m = κm.
To finish the proof we will show that if α is such that 2 ≤ α ≤ m+ then |Aα| ≤ κm, and therefore
|[A]θ| ≤ κm.
Suppose that α0 ≤ m+ is the smallest ordinal such that |Aα0 | > κ
m. Then we have |Aβ | ≤ κm for each
β < α0 and therefore | ∪β<α0 Aβ | ≤ κ
m ·m+ = κm. Now using (1) again we get |Aα0 | ≤ u · (κ
m)m = κm, a
contradiction.
Corollary 5.3. If X is a topological space then |X | ≤ (dθ(X))κ(X)nu(X).
Remark 5.4. Example 2.5 shows that the inequality |clθ(A)| ≤ |A|κ(X) ·nu(X) in Theorem 5.2 is exact. To
see that, let α ≥ c and take A = {(n, 0) : n ∈ N} ⊂ X and M = {β : β < α} ⊂ X. Then clθ(A) = A ∪M
and therefore |clθ(A)| = α ≤ |A|κ(X) · nu(X) = ωω · α = α.
To see that the inequality |[A]θ| ≤ (|A| · nu(X))κ(X) in Theorem 5.2 is also exact, one can construct a
Hausdorff (non-Urysohn) space Y and a set A ⊂ Y with |[A]θ| = (|A| ·nu(Y ))
κ(Y ) as follows. Take the space
X1 := X from Example 2.5 and the set M = {β : β < α} ⊂ X1. Represent the set M as a disjoint union
∪β<αMβ of countable infinite subsets of M . Take α many disjoint copies {Xβ : β < α} of the space X and
for each β < α identify the points of Aβ with the points {(n, 0) : n < ω} ⊂ Xβ. Call the resulting space X2.
Now X1 ⊂ X2 and in X2 we have α many new copies of the set M . For each such set repeat the previous
procedure to obtain the space X3 and continue this procedure for each n < ω. Call the resulting space Y . It
is not difficult to see that U(Y ) = ω, χ(Y ) = κ(Y ) = ω, nu(Y ) = α, and if A is the subset {(n, 0) : n ∈ N}
of X1 then |[A]θ| = αω = (ω · α)ω = (|A| · nu(Y ))κ(Y ). Notice that if α > c is chosen to be a cardinal with a
countable cofinality then |[A]θ| = αω > α = ωω · α = |A|κ(Y ) · nu(Y ) and therefore the right-hand side of the
second inequality cannot be replaced by the right-hand side of the first inequality.
6 Some cardinal inequalities involving the non-Urysohn number
We recall some definitions.
Definition 6.1 ([15], [13]). The almost Lindelo¨f degree of a spaceX with respect to closed sets is aLc(X) :=
sup{aL(F,X) : F is a closed subset of X}, where aL(F,X) is the minimal cardinal number τ such that for
every open (in X) cover U of F there is a subfamily U0 ⊂ U such that |U0| ≤ τ and F ⊂ ∪{U : U ∈ U0}.
aL(X,X) is called almost Lindelo¨f degree of X and is denoted by aL(X).
Remark 6.2. The cardinal function aLc(X) was introduced in [15] under the name Almost Lindelo¨f Degree
and was denoted by aL(X). Here we follow the notation and terminology used in [13] and suggested in [5].
Definition 6.3 ([1]). The cardinal function wLc(X) is the smallest cardinal τ such that if A is a closed
subset of X and U is an open (in X) cover of A, then there exists V ⊂ U with |V| ≤ τ such that A ⊂ ∪V.
Definition 6.4 ([4]). The cardinal function sL(X) is the smallest cardinal τ such that if A ⊂ X and U is
an open (in X) cover of A, then there exists V ⊂ U with |V| ≤ τ such that A ⊂ ∪V.
Definition 6.5 ([2]). The cardinal function sLθ(X) is the smallest cardinal τ such that if A ⊂ X and U is
an open (in X) cover of clθ(A), then there exists V ⊂ U with |V| ≤ τ such that A ⊂ ∪V.
Clearly sLθ(X) ≤ sL(X) ≤ wLc(X) ≤ L(X) and aL(X) ≤ aLc(X) ≤ L(X), where L(X) is the Lindelo¨f
degree of X . In [2] an example of a Urysohn space X is constructed such that sLθ(X) < sL(X). For
examples of Urysohn spaces such that aL(X) < wLc(X) or wLc(X) < aL(X) see [13] and for an example
of a Urysohn space for which aL(X) < aLc(X) < L(X) see [15] or [13].
Here are some cardinal inequalities that involve the cardinal functions defined above. For more related
results see the survey paper [13].
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Theorem 6.6.
(a) If X is a Hausdorff space, then |X | ≤ 2χ(X)L(X) [3].
(b) If X is a Hausdorff space, then |X | ≤ 2χ(X)aLc(X) [15].
(c) If X is a Urysohn space, then |X | ≤ 2χ(X)aL(X) [5].
(d) If X is a Hausdorff space with U(X) < ω, then |X | ≤ 2χ(X)aL(X) [7].
(e) If X is a Urysohn space, then |X | ≤ 2χ(X)wLc(X) [1].
(f) If X is a topological space with U(X) < ω, then |X | ≤ 2χ(X)wLc(X) [7].
(g) If X is a Hausdorff space, then |X | ≤ 2χ(X)sL(X) [4].
(h) If X is a Urysohn space, then |X | ≤ 2κ(X)sLθ(X) [2].
(i) If X is a topological space with U(X) < ω, then |X | ≤ 2κ(X)sLθ(X) [9].
Recently in [9], after proving the inequality given in Theorem 6.6(i), the authors asked the following
question.
Question 6.7 ([9, Question 11]). Can one conclude that the inequality
|X | ≤ U(X)κ(X)sLθ(X)
is true for every Hausdorff space X?
We show below that the answer of the above question is in the affirmative if the Urysohn number U(X)
is replaced by the non-Urysohn number nu(X).
Theorem 6.8. For every topological space X, |X | ≤ nu(X)κ(X)sLθ(X).
Proof. Let κ(X)sLθ(X) = m and nu(X) = u. For each x ∈ X let Vx be a collection of closed neighborhoods
of x with |Vx| ≤ m and such that if W is a closed neighborhood of x then W contains a member of Vx. Let
x0 be an arbitrary point in X . Recursively we construct a family {Fα : α < m+} of subsets of X with the
following properties:
(i) F0 = {x0} and clθ(∪β<αFβ) ⊂ Fα for every 0 < α < m+;
(ii) |Fα| ≤ um for every α < m+;
(iii) for every α < m+, and every F ⊂ clθ(∪β<αFβ) with |F | ≤ m if X \ ∪U 6= ∅ for some U ∈ UF , then
Fα \ ∪U 6= ∅.
Suppose that the sets {Fβ : β < α} satisfying (i)-(iii) have already been defined. We will define Fα.
Since |Fβ | ≤ um for each β < α, we have | ∪β<α Fβ | ≤ um ·m+ = um. Then it follows from Theorem 5.2,
that |clθ(∪β<αFα)| ≤ um. Therefore there are at most um subsets F of clθ(∪β<αFα) with |F | ≤ m and for
each such set F we have |UF | ≤ m
m = 2m ≤ um. For each F ⊂ clθ(∪β<αFα) with |F | ≤ m and each U ∈ UF
for which X \ ∪U 6= ∅ we choose a point in X \ ∪U 6= ∅ and let Eα be the set of all these points. Clearly
|Eα| ≤ um. Let Fα = clθ(Eα ∪ (∪β<αFα)). Then it follows from our construction that Fα satisfies (i) and
(iii) while (ii) follows from Theorem 5.2.
Now let G = ∪α<m+Fα. Clearly |G| ≤ u
m · m+ = um. We will show that G is θ-closed. Suppose the
contrary and let x ∈ clθ(G) \G. Then for each U ∈ Vx we have U ∩G 6= ∅ and therefore there is αU < m+
such that U ∩ FαU 6= ∅. Since |{αU : U ∈ Vx}| ≤ m, there is β < m
+ such that β > αU for every U ∈ Vx
and therefore x ∈ clθ(Fβ) ⊂ G, a contradiction.
To finish the proof it remains to check that G = X . Suppose that there is x ∈ X \ G. Then there
is V ∈ Vx such that V ∩ G = ∅. Hence, for every y ∈ G there is Vy ∈ Vy such that Vy ∩ Int(V ) = ∅.
Since {Int(Vy) : y ∈ G} is an open cover of G and G is θ-closed, there is F ⊂ G with |F | ≤ m such that
G ⊂ ∪y∈F Int(Vy). Since |F | ≤ m, there is β < m+ such that F ⊂ Fβ . Then for U := {Int(Vy) : y ∈ F} we
have U ∈ UF and x ∈ X \ ∪U . Then it follows from our construction that Fβ+1 \ ∪U 6= ∅, a contradiction
since Fβ+1 ⊂ G ⊂ ∪U .
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Corollary 6.9. For every topological space X, |X | ≤ nu(X)χ(X)wLc(X).
Remark 6.10. In 1979, A. V. Arhangel′ski˘ı asked if the inequality |X | ≤ 2χ(X)wLc(X) was true for every
Hausdorff topological space X (see [13, Question 2]). It follows immediately from Corollary 6.9 that the
answer of his question is in the affirmative for all spaces with nu(X) ≤ 2ω. But as Example 3.10 in [12]
shows, there are T0-topological spaces for which that inequality is not true (in that example nu(X) > 2
ω).
Modifying slightly the proof of Theorem 6.8 one can prove the following result.
Theorem 6.11. For every topological space X, |X | ≤ nu(X)κ(X)aL(X).
Proof. Let κ(X)aL(X) = m and nu(X) = u. For each x ∈ X let Vx be a collection of closed neighborhoods
of x with |Vx| ≤ m and such that if W is a closed neighborhood of x then W contains a member of Vx. Let
x0 be an arbitrary point in X . Recursively we construct a family {Fα : α < m+} of subsets of X with the
following properties:
(i) F0 = {x0} and clθ(∪β<αFβ) ⊂ Fα for every 0 < α < m+;
(ii) |Fα| ≤ um for every α < m+;
(iii) for every α < m+, and every F ⊂ clθ(∪β<αFβ) with |F | ≤ m if X \ ∪C 6= ∅ for some C ∈ CF , then
Fα \ ∪C 6= ∅.
Suppose that the sets {Fβ : β < α} satisfying (i)-(iii) have already been defined. We will define Fα.
Since |Fβ | ≤ um for each β < α, we have | ∪β<α Fβ | ≤ um ·m+ = um. Then it follows from Theorem 5.2,
that |clθ(∪β<αFα)| ≤ um. Therefore there are at most um subsets F of clθ(∪β<αFα) with |F | ≤ m and for
each such set F we have |CF | ≤ mm = 2m ≤ um. For each F ⊂ clθ(∪β<αFα) with |F | ≤ m and each C ∈ CF
for which X \ ∪C 6= ∅ we choose a point in X \ ∪C 6= ∅ and let Eα be the set of all these points. Clearly
|Eα| ≤ um. Let Fα = clθ(Eα ∪ (∪β<αFα)). Then it follows from our construction that Fα satisfies (i) and
(iii) while (ii) follows from Theorem 5.2.
Now let G = ∪α<m+Fα. Clearly |G| ≤ u
m · m+ = um. We will show that G is θ-closed. Suppose the
contrary and let x ∈ clθ(G) \G. Then for each U ∈ Vx we have U ∩G 6= ∅ and therefore there is αU < m+
such that U ∩ FαU 6= ∅. Since |{αU : U ∈ Vx}| ≤ m, there is β < m
+ such that β > αU for every U ∈ Vx
and therefore x ∈ clθ(Fβ) ⊂ G, a contradiction.
To finish the proof it remains to check that G = X . Suppose that there is x ∈ X \ G. Then there is
V ∈ Vx such that V ∩ G = ∅. Hence for every y ∈ G there is Vy ∈ Vy such that Vy ∩ Int(V ) = ∅ and for
every z ∈ (X \ {x}) \ G there is Vz ∈ Vz such that Vz ∩ G = ∅. Since {Int(Vy) : y ∈ G} ∪ {Int(Vz) : z ∈
(X \ {x}) \G}∪ {Int(V )} is an open cover of X , there is F ′ ⊂ X with |F ′| ≤ m such that X ⊂ ∪t∈F ′Vt. Let
F := F ′ ∩ G 6= ∅. Then G ⊂ ∪{Vy : y ∈ F}. Since |F | ≤ m, there is β < m
+ such that F ⊂ Fβ . Then for
C := {Vy : y ∈ F} we have C ∈ CF and x ∈ X \∪C. Then it follows from our construction that Fβ+1 \∪C 6= ∅,
a contradiction since Fβ+1 ⊂ G ⊂ ∪C.
Corollary 6.12. For every topological space X with nu(X) < ω (or, equivalently, U(X) < ω), |X | ≤
2κ(X)aL(X).
Corollary 6.13. For every Urysohn space X, |X | ≤ 2κ(X)aL(X).
Remark 6.14. In parallel with Definition 4.3 one can introduce the notion of a non-Hausdorff number of
a topological space. For results related to that notion see [12].
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